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We study entanglement entropy for a class of states in quantum field theory that are entangled superpositions
of coherent states with well-separated supports, analogous to Einstein-Podolsky-Rosen or Bell states. We find
the contributions beyond the area law. In the case of strongly-coupled conformal field theories, we argue that
these states are holographically dual to superpositions of bulk geometries. We conclude that for these states
one can use the Ryu-Takayanagi holographic entanglement entropy formula to calculate some terms in the
entanglement entropy, but that there can be additional O(N2) contributions. We argue that this class of states
includes those generated by local quenches and thus that these cannot be described by a classical dual geometry.
These considerations may be important for more fine grained treatments of holographic thermalization.
INTRODUCTION
The AdS/CFT correspondence [1] has been widely used
to study certain strongly-coupled conformal field theories
(CFTs) using the dual description of certain states in those
theories as asymptotically anti-de Sitter (AdS) solutions of
supergravity. One quantity of interest for CFT states is the
entanglement entropy between some spatial region A and its
complement, and there is a proposal for how to compute this
from the dual geometry [2, 3] that has by now accumulated a
large amount of evidence in its favor. This proposal implicitly
assumes the existence of a dual geometry.
However, many states of the CFT will have duals that can-
not be described geometrically. One purpose of this letter is
to argue that the state generated by a local quench of a CFT
is such a state. Local quenches are interesting dynamical pro-
cesses that have been studied in detail in conformal field the-
ory, e.g., [4–6]. There have been attempts to find the dual
geometry to the state generated by a local quench, but none
have so far succeeded, which is consistent with our claim that
no such dual geometry exists.
Local quenches are important because they may offer a way
to measure entanglement entropy [7] and because they offer a
localized version of the dynamics responsible for thermaliza-
tion after a global quench [8–10]. Such global quenches have
the starting point for all extant studies of holographic thermal-
ization, see, e.g., [3, 11–17]. In light of this, another purpose
of this letter is to describe a general class of states similar to
the local quench states and to investigate their entanglement
entropy, to see how the proposal in [2] might be generalized.
DESCRIPTION OF STATES
For a given AdS/CFT duality, one expects that there is a
large class of states of the CFT that are not dual to a classical
bulk geometry, in particular states that are (sufficiently) non-
coherent with respect to their field expectation values.1 This
1 Mixed states of the CFT may have good geometric duals, e.g., black holes,
but these are usually interpreted as coarse-grained dual descriptions. Here
point has been made before, e.g., in [18, 19] in the context
of the 1/2 BPS sector of the N = 4 SYM theory. Without
attempting to describe exactly which states are dual to a clas-
sical bulk geometry, let us refer to such states as coherent.
We can construct a simple example of a non-coherent
state, reminiscent of the Einstein-Podolsky-Rosen thought-
experiment [20], i.e., two well-separated bits of matter in an
entangled state. This is also called a Bell state after the well-
known work [21]. To set this up, divide the space of a quan-
tum field theory into two regions. For simplicity, consider a
one-dimensional space. Denote the regions left and right of
the origin as A and B, respectively, then let us assume we can
write the Hilbert space of the full theory as a tensor product
H = HA ⊗HB .
Now let φ be some quantum field. For simplicity sup-
pose φ is a real scalar field. Then consider a state
|φ+A〉 of the field corresponding a lump of matter away
from the origin. More specifically, consider a coher-
ent state of the field operator with a positive Gaussian
profile, i.e., 〈φ+A|φ(x)|φ+A〉 = A0e−(x+a)
2/σ2 . Then
we can also consider the state with a negative profile:
〈φ−A|φ(x)|φ−A〉 = −A0e−(x+a)
2/σ2 . Similarly for region
B we have 〈φ±B |φ(x)|φ±B〉 = ±A0e−(x−a)
2/σ2 . Well sep-
arated means a  σ. By taking A0 sufficiently large
we can ensure that 〈φ±A,B |φ∓A,B〉 ≈ 0 and furthermore that
〈φ±A,B |O(x)|φ∓A,B〉 ≈ 0 where O(x) is the field operator, the
momentum operator, or the Hamiltonian. 2
Further consider the states |φsA〉 = 1√2 (|φ
+
A〉 + |φ−A〉) (and
analogously defined |φsB〉). Here “s” stands for superposed.
We assume that the Hamiltonian has a φ → −φ symmetry so
all these states have the same energy.
I’m not considering coarse graining beyond tracing over the complement
of a spatial region, so throughout this letter I will only be considering pure
states of the CFT.
2 We are assuming a conventional field theory that admits coherent states
and has a Hamiltonian with terms polynomial in the field and momentum
operators.
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2Now for the total state of the CFT we have options, e.g.,
Entangled: |ψ1〉 = 1√
2
(|φ+A〉|φ−B〉+ |φ−A〉|φ+B〉) (1)
Unentangled: |ψ2〉 = |φsA〉|φsB〉. (2)
Both states have the same energy and, in fact, the same stress-
tensor expectation value 〈Tµν(x)〉 and the same expectation
values for the field, 〈φ(x)〉 = 0, for all x, for large A0. How-
ever, we would expect that state 1 has roughly log 2 more en-
tanglement entropy than state 2. Below we will verify this ex-
pectation in a simple model where we can explicitly compute
the entanglement entropy, including area law contributions.
In a holographic context, we may consider a CFT that has
a holographic dual, for example the canonical N = 4, four-
dimensional SU(N) gauge theory. The large N , large cou-
pling limit of the CFT is conjectured to be dual to type IIB
supergravity on an asymptotically AdS5 × S5 spacetime [1].
There is an analogous conjectured duality between certain
two-dimesional CFTs and asymptotically AdS3 spactimes.
In the case of coherent states of the CFT that can be
matched with a particular geometry, i.e., a solution to the ap-
propriate supergravity theory, there is a proposal for how to
calculate the entanglement entropy of the CFT state. For a
spatial region A, the entanglement entropy SA of the reduced
density matrix ρA (traced over the complement of A) is given
by
SA =
Area(γA)
4GN
, (3)
where γA is the extremal surface of minimal area in the bulk
whose boundary coincides with the boundary of A [2, 3]. In
the dualityG−1N goes likeN
2, so in the largeN limit the above
formula will only capture O(N2) contributions.
In this context there are states analogous to those in (1) and
(2) that we can obtain by superposing coherent traveling exci-
tations in the CFT. States describing a single traveling excita-
tion, a “pulse,” and their holographic duals were recently de-
scribed in [22], in AdS3/CFT2. The states in [22] were mixed
states of the CFT, but there are corresponding pure states with
the same essential properties, i.e., supported in a finite region
of the null coordinates and with O(N2) of the fields excited.
We can also consider two left-moving excitations that are sep-
arated into the left and right regions of the CFT for some pe-
riod of time, see Fig. 1.
We can construct pure states corresponding to the pulses ei-
ther being entangled or not, in analogy with (1) and (2) above.
We expect the maximally entangled state, call it |ψ1〉, will
haveO(N2) more entanglement entropy than the unentangled
state |ψ2〉. We will corroborate this expectation with an ex-
plicit calculation in a toy model below. Let us also note that
the maximally entangled state is similar to that investigated in
[6], which was produced after a local quench. The entangle-
ment entropy was found there to be proportional to the central
charge, which would be O(N2) in a holographic theory.
We can argue, by contradiction, that theses states |ψ1,2〉 do
not have a dual bulk geometry. The first premise is that the
FIG. 1. Two left moving excitations in the CFT, which may be en-
tangled or not.
entangled state will have O(N2) more entanglement entropy
than the unentangled state. The second is that, assuming these
two states had a dual bulk geometry, they would be same. The
reason for this is that these two states are identical as far as
〈Tµν(x)〉 and the expectation values of the fields, to O(N2),
so this is what we expect from the usual AdS/CFT dictionary
[23, 24]. Then, using (3) we would find that the O(N2) en-
tanglement entropy would be the same, a contradiction.
The point of the above argument is just to emphasize that
simple superpositions of coherent states are in the class of
states that don’t have a dual bulk geometry. Such simple
superpositions are interesting for at least two reasons. First,
while (3) is not directly applicable, it may still provide some
terms in the full expression for the entanglement entropy of
certain superpositions, as we discuss further in the Conclu-
sion. Second, states of this kind are produced by quenches, as
I will argue later, and may be important in general dynamical
situations.
MODEL FOR CALCULATING ENTANGLEMENT
ENTROPY
We can investigate some of these issues explicitly by con-
sidering a toy model of the ground state of a free quantum
field theory. The point of this toy model is only to capture the
leading contributions to the entanglement entropy. From early
investigations of the area law [25, 26], the entanglement en-
tropy of a region of space in the ground state of a field has been
understood to come from correlations across the boundary of
the region. This explains why the entropy goes as the area
and why it diverges in the absence of a UV cutoff—arbitrarily
small distances near the boundary can contribute. 3
3 This explanation is only compelling in the case of fields whose correlation
length is small compared to the dimension of the region, i.e., sufficiently
massive fields. However, the area law is still gives the leading order behav-
ior in the massless case [25] and so our model should still be relevant for
that case.
3We can model this situation by considering a discrete space.
For now just take the radial direction to be discrete, indexed
by i so r = ia where a is the lattice spacing. Decompose the
Hilbert space of the theory into a tensor product, one factor
for each i. Then the entanglement between different points in
the space can be roughly modeled with a state of the form
|0〉 ≈
(
imax−1∑
i=1
ea
†
ia
†
i+1
)
imax∏
i=1
|0〉i, (4)
where imaxa is some IR cutoff, not important for our purposes
here. This exhibits entanglement between nearest neighbor
radii. Tracing over the region insides a sphere of radiusR cor-
responds to tracing over factors up to and including iR = R/a
and the only contribution to the entanglement entropy would
be from the term containing exp
(
a†iRa
†
iR+1
)
|0〉iR |0〉iR+1.
The trace over the iR factor would result in a reduced density
matrix for the iR + 1 that was mixed and in fact thermal, i.e.,
of the form
∑
α e
−βEα |Eα〉iR+1〈Eα|iR+1. The correspond-
ing entanglement entropy would thus be the von Neumann
entropy of a thermal state on a sphere, which we expect to be
extensive with respect to the area of the sphere, and so we get
an area law: S|0〉 ∝ Rd−1, if the dimension of space is d. The
above model is clearly quite crude and only captures the lead-
ing, area-law behavior of the entanglement entropy. However
this is the leading order behavior even in the vacuum of the
strongly-coupled field theory [27].
Now let us consider an excited state which contains entan-
glement besides the nearest neighbor type considered above.
We can model this with states
|ψ±〉 = C1e±λa
†
1∓λa†j |0〉 (5)
=
(
imax−1∑
i=1
ea
†
ia
†
i+1
)
|±λ〉1|0〉2 · · · |∓λ〉j · · · , (6)
where λ > 0 and j  1. The |±λ〉 are coherent states. These
are crude models for the |φ±〉 considered above. Each of the
states |ψ±〉 are unchanged from the vacuum in terms of their
entanglement entropy: they will each obey an area law. We
now want to consider a superposition of these coherent states
|ψ〉 = C1|ψ+〉+ C2|ψ−〉, (7)
where for simplicity assume that the coefficients Ci are real,
and a trace over radii smaller than ja. The resulting reduced
density matrix is
ρred = C
2
1
(∑
α
e−βEα |Eα〉iR+1〈Eα|iR+1
)
· · · |−λ〉j〈−λ|j · · ·
+ C22
(∑
α
e−βEα |Eα〉iR+1〈Eα|iR+1
)
· · · |+λ〉j〈+λ|j · · · .
(8)
Luckily this form is diagonal (choosing a coherent state ba-
sis for the jth factor), and we can compute the entanglement
entropy. We get
S|ψ〉 = S|0〉 − γ log γ − (1− γ) log(1− γ), (9)
where γ = C21 . For small γ this is
S|ψ〉 ≈ S|0〉 − γ log γ. (10)
Of course, if we had chosen an entangling region such that
R > ja, then the entanglement entropy would return to its
vacuum value.
We can generalize this to some number M fields φk. De-
note the coherent state of field k at radial position i by |λ〉k,i.
Now we imagine that all of these fields are excited near the
origin and at radial position ja. One example of such a state
is
|ψ(±···±)〉 = | ± λ〉1,1|0〉1,2 · · · | ∓ λ〉1,j · · · (11)
⊗ | ± λ〉2,1|0〉2,2 · · · | ∓ λ〉2,j · · ·
· · ·
⊗ | ± λ〉M,1|0〉M,2 · · · | ∓ λ〉M,j · · · ,
where we have suppressed the nearest-radial-neighbor entan-
glement operators for brevity. The index β = (± · · ·±) runs
over the 2M possible states. The maximal entropy such state
is
|ψ〉 = 1√
2M
∑
β
|ψ(±···±)〉. (12)
If we again trace over radii smaller than ja we find an entan-
glement entropy
S|ψ〉 = S|0〉 +M log 2. (13)
It’s also easy to construct an unentangled superposition by
analogy with (2), by using states |ψs〉1,k = 2−1/2(|+λ〉1,k +
|−λ〉1,k). This will share with the state in (12) the property
that 〈φk(x)〉 = 0 for each field, but will have entanglement
entropy equal to that of the vacuum.
DISCUSSION
We now consider the implications for the holographic en-
tanglement entropy proposal. Can we compute the entangle-
ment entropy for such non-coherent states of the boundary
CFT, of the kind discussed above, from bulk information? The
simple model considered above suggests that the leading order
entanglement entropy for the simplest such state in the CFT is
given by
SA ≈ Area(γA)
4GN
+N2C log 2, (14)
where C is a constant of order 1, the fraction of the O(N2)
fields that are entangled. This does not tell us how to compute
4the entanglement entropy from the bulk, rather it is a con-
straint on any proposal for computing SA from bulk data for a
states of this kind. However, from the bulk point of view, the
state might be interpreted as a superposition of geometries.
We can consider a slightly more general situation. First, if
the state of your boundary CFT is in a (sufficiently) coherent
state, then you can use the original (3). If not, write your state
in a basis of coherent states. For simplicity let us consider the
simplest case of a state that describes O(N2) fields supported
in two regions that are well separated and in the maximally
entangled state. If your entangling surface separates those re-
gions, then the model suggests the conjecture that the entan-
glement entropy is given by (14), to leading order inN , where
Area(γA) is computed in pure AdS.
This all refers to the special case of superpositions of local-
ized coherent states. We expect the bulk geometries dual to
these various coherent states to be the same throughout most
of the spacetime and this is why (3) might still be used to com-
pute a term in the full expression for the entanglement entropy.
A general, non-coherent state may be dual to a superposition
of wildly different bulk geometries and wildly different field
configurations and it would be interesting to find generaliza-
tions of (14) for such states, if such exist.
The additional term appearing in (13) can be identified with
the entanglement entropy produced following a local quench
in a general CFT. Though it is difficult to directly access the
state of the CFT after the local quench (although see [28, 29]),
studies of entanglement entropy after a local quench [4–6]
suggest that the state consists of entangled coherent particles
emitted from the quench point(s) and then propagating at the
speed of light. The quench thus creates a state much like
that in (12). Such a quench, which corresponds to a topol-
ogy change, is generally expected to excite every field in the
theory [30]. This is corroborated by the fact that the entan-
glement entropy produced by a local quench in 2D CFTs is
proportional to the central charge [4–6]. In the holographic
context this would mean O(N2) contributions to the entan-
glement entropy of the form (14). Thus, we do not expect
there to be any classical bulk geometry dual to a local quench
of the boundary CFT.
These considerations may be important for holographic
thermalization, see, e.g., [3, 11–17]. Like local quenches,
global quenches in 1 + 1 dimensions are known to produce
pairs of entangled particles that can become separated by ar-
bitrarily large distances [8–10]. This picture seems to hold at
strong coupling and in higher dimensions as well, at least for
the entanglement entropy of a single region [16]. The spa-
tially homogenous nature of the global quench means that one
will not get non-coherent states of the kind considered here,
and the classical dual geometries commonly used (such as the
Vaidya metric) seem to offer accurate coarse grained descrip-
tions. However, more general thermalization scenarios may
lead to very non-coherent states, and so modeling such a pro-
cess by a single dual geometry may not be correct, even to
leading order in N , since the resulting calculations of entan-
glement entropy may be missing terms such as those appear-
ing in (14). We hope to study this in more detail in future
work.
We note that there has already been a holographic study of
an entangled pair of spatially separated subsystems, in [31],
Sec. 7.1. In that system the entanglement in the vacuum state
could be understood as an Unruh effect due to the fact that the
CFT was undergoing uniform acceleration.
We acknowledge that the model we presented is crude and
there are many avenues for further investigation. It would be
nice to improve the model so as to capture the subleading cor-
rections (in R/a) to the area law for states of the kind we
are considering, to see how they compare. We should also
investigate the mutual information and the tripartite informa-
tion, since these show departures from the entangled particle
picture of thermalization after a global quench in the strongly
coupled case [32]. We have been vague about how sufficiently
coherent a state needs to be in order to apply the holographic
entanglement entropy proposal. It would interesting to quan-
tify this and study departure from coherence in a dynamical
situation and the resulting behavior of the entanglement en-
tropy and other quantities.
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